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1 Equivalent Representations of the Signal

The following proposition formalizes the claim that we can work with mean-preserving posterior
beliefs rather than the specific signal structure in section

Proposition 11. The following are equivalent:
1. There exists a binary signal s € A({0,1}) such that P[s = 1|g] > P[s = 1]b].

2. There exists a binary-valued posterior belief whose expectation is equal to the prior.

Proof of Proposition|[11. 1 = 2 : Given a binary signal such that P[s = 1|g] > P[s = 1|b], law
of iterated expectation implies that E[P[g|s]] = E[E[1|s]] = E[14] = P[g]. So, the expectation
of the posterior belief is equal to the prior. Note that P[s = 0|g] < P[s = 01]b]. By Bayes’
— 1] = Pls=1|g]P[g] Pls=1|g]P[g] — — P[s=0lg]P[g]
rule, Hlols = 1 = PTG FO=TPE] > FR=TlFals o= TPl — ¥19] = F=aiiFGTs Fo—oelPl ~
s=0|g]P[g

Br=0lg|Pg]+ E=0ToET] — P[g|s = 0]. So, the posterior belief is binary-valued.

2 = 1 : Given a binary-valued posterior belief whose expectation is equal to the prior, ug.

. . fa>po  w.p. Ay .
Denote the distribution of the belief by u = . We now construct a binary

My <po  w.p. 11—\
signal s € A({0,1}). Define P[s = 1|g] = p;—g‘l and P[s = 1[b] = (I(IE;Bl One can verify by
Bayes’ rule that this signal s induces exactly the same posterior belief, using the assumption that
po = Atfir + (1 — A1)p,. We just need to show that P[s = 1|g] > P[s = 1[b], which follows from the

fact that f; > po. O

2 Proof of the Benchmark Models

Proof of Proposition |2 We first show that the sender never provides information in both periods.
For any feasible two-period signals, we will show that there exists a feasible single-period signal

which gives the sender a strictly higher payoff. There are three cases.

1. A pair of one-shot signals (RHS of Figure [3).

The sender’s payoff is IT = —k + pAo + (1 — Ao)(—k + pA1). Consider a one-period strategy
(A0, 1) = (Mo + (1 = Ao) A1, %). One can verify that it satisfies ([Rg)) and (Fy)).
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The sender’s payoff from it is

II'=—k +p[/\0 + (1 — )\0))\1]
=—k+pro+ (1 —Xo)pM
>—k+pAo+ (1 — Ao)p/\l — (1 — )\o)k
=11

2. A pair of iterative signals (LHS of Figure |4). The receiver searches (takes action B) if the
signal is positive (negative) in the first period, and takes action G (B) if the signal is positive

(negative) in the second period.

The sender’s payoff is IT = —k + Ao(—k + pA1). Consider a one-period strategy (g, fij) =
(A1, fi1). One can verify that it satisfies (IRg) and (Fy)). The sender’s payoff from it is

H/:—k-i-p)\o)\l
> —k 4+ pAoAl — Aok
=11

3. A pair of iterative signals (RHS of Figure [4). The receiver searches regardless of the signal
realization in the first period, and takes action G (B) after observing a positive (negative)

signal in the second period.

Denote the information structure in the first period by (Ao, fig, Ho)' Denote the information
structure in the second period by (N[, iif, Hfl’) if the receiver observes a positive signal in the
first period, and by (A}, if, HTIZ) if the receiver observes a negative signal in the first period.
The sender’s payoff is Il = —k+Ao(—k+pA})+(1—Xo)(—k+pAT). Consder a one-period strat-
egy (N, s 1) = (MoM+(1=M0)AT, s B S e 0 it el L),
One can verify that it satisfies and . The sender’s payoff from it is

' =—k +p);
= —k+ p[AoA] + (1 — Xo)AT]
= —k+ XopA] + (1 = Xo)pAT
> — k4 Xo(—k + pAl) + (1 — Xo)(—k + pAT)
=11

We have shown that for any feasible two-period signals, there exists a feasible single-period signal
which gives the sender a strictly higher payoff. Therefore, the sender never provides information in

both periods. The sender either does not provide information and receives zero payoff, or provide



information in one period:

max —k + pAg
0,540
s.t. Ao(fio + ) > ¢ (I1Rg)

7)\0 S [07 ]-]aﬁo € [O,Mo)

€ po=¢
vg' —vp

Lemma [2| implies that the constraint is equivalent to: Ag € [ } ,po > ¢/vg. One can

see that the optimal Aj must be “E—ch if the sender provides information in one period. The

—Vblo
po—c ’
We only need to determine whether or not the sender provides information. She will provide

corresponding fig is

information if and only if it is feasible, uy > c¢/vg, and gives her a positive payoff, —k +pAj > 0 &
o > ¢ — vpk/p. d

Proof of Proposition[3. One can see that if the expected surplus of the receiver in the second period
is 0 in the optimal solution to , then (A}, i}) solves . Otherwise, the sender can strictly
increase the payoff by using the same (A, i1j;) and replacing (A}, 27) by the optimal solution to ,
holding the same 1. Hence, if dynamic commitment power strictly increases the sender surplus, the
solution to must satisfy: E[receiver surplus at t = 1] = (1 — Ag)[A1 (i1 + vp) — ¢] > 0. Denote
the optimal sender surplus when the sender does not have dynamic commitment power by Il,,.
The corresponding optimal strategy of the sender is (A}, ;") = (i, 1) according to Proposition@
in the main text. Consider the following strategy: (Ao, tio, A1, f11) = (ﬁ, 1, i +6,1). Denote
the corresponding sender surplus by II(§). One can verify that it is feasible when § > 0 is small

and the sender has dynamic commitment power, and leads to a payoff no larger than the optimal

sender surplus with dynamic commitment (denote it by IL,).

A o A U | A

d11(9) Vg —C

TG _,5)2vg[11(5)*-12(5ﬂ

L ,,CP
, where [1(§) = K [(1 — 5)1}9} (1-0)K (—vg +9)
cp c
L(o) =L - K=
O )

L(8) = 0, L(8) = & — K(£) > 0as § — 0. Therefore, 36 > 0 s.t. 00~ o vs ¢ (0,4].

9 9 %

Since II(0) is continuous in 0 and II(0) = II,,,, we have II,, > II(§) > I, Y0 € (0,4].
We now show that the benefit of dynamic commitment power vanishes as the search cost
approaches zero in several steps. Denote the optimal sender surplus when the sender has (does

not have) dynamic commitment power and the search cost is ¢ by I, . (IL0). Note that I, . >



Hwo,07 Ve > 0.

Lemma 9. When the search cost is zero, the optimal sender surpluses with and without dynamic

commitment power are the same, 11,0 = 0.

Proof. Suppose the sender provides information in both periods. When the search cost is 0 and
the sender uses one-shot signals, one can see that and are equivalent to fig > —vp and
i1 > —uvp. Therefore, even if the receiver obtains strictly positive surplus in the second period, the
first-period participation constraint is not relaxed. Hence, the second-period strategy of the sender
maximizes her second-period payoff in the solution to the program with dynamic commitment,
, and thus satisfies the constraints of the program without dynamic commitment, . To
show that dynamic commitment power does not improve the sender’s payoff when ¢ = 0, we just
need to show that iterative signals are not optimal when the sender has dynamic commitment

power When ¢ = 0 < v AT" and p11 > ¢ — vpA]* = —vpAT", the optimal strategy with and without

dynamic commitment power coincides, as (A}, i) = (A}, )f?* A1). In the proof of Proposition |1|in
the main text, we have shown that iterative signals are not optimal. So, we just need to show that
iterative signals are not optimal when p; < —vpAj*.

If 19 > —vpAT*, then py = fig > po > —upAT*. So, iterative signals are not optimal.

If po < —vpA7*, we have:

Ho Hop
Iy (o) = — K(fvb) + f—

Hiter(MO) =1max —K()\(J) + Ao —K(ﬁ) + Hip

051 —Up —Up

s.t. (]IRO iterl)a (]IRl iteT‘D7 7 " sy M1 = /IO

Denote the optimal soution when the sender uses iterative signals by ():0, 1) Witer (o) < Iy (o) <
—K(Xo)+Xo —K(f—;b) + M} < —K(f—&) + ﬁ%};. To show that iterative signals are not optimal, it

—vp

suffices to show that —)\NOK(%)—iiXO_iﬁ? < —K(£3-)+E32. Strict cor~1vexity of K(-) = /\NOK(_‘%) =
XOK(%) + (~1 — X0)K(0) > K(’\_O—gbl) Thus, —):OK(_‘%)) < —K(’\_O—g;l) It suffices to show that
_K(/\jiil) + )‘077’1‘;2” < —K(f—gb) + ﬁ%}’;, which hold because = /i1 < po and we know from the

F.O.C. that —K(\) 4 pA strictly increases in A when A < A\j* (here, A < £& < \7*). O
up

We now make the following observation. Since IL,, . > Il ¢, Ve > 0 and 11, 0 = IL0,0, we must

have Ilyo,c — Iy as ¢ = 0 if o e — oo as ¢ — O The next result confirms that it is indeed

the case and thus finishes the proof.

Lemma 10. IL,, . — oo as ¢ — 0.

B'We have shown in Proposition |1| that iterative signals are not optimal when the sender does not have dynamic
commitment power.
BlOne can easily show this observation formally by the triangle inequality.



Proof. Proposition [12] shows that the optimal strategy is the Sy strategy when the search cost is

low. So, according to Lemma [6| and [7] for any ¢ small enough, the sender’s problem is:

— Uy —c o — i — e . .
ITyo,c ZmaX—K(M) +p Ho—H1—C +(1— M) —K(“l )+ (1 )p
- U T U — 1 —Up — 1 —Up —Up
(P3s,)
S.t. up € [ ’Ug,uoc]
vy Vg —c

Denote the solution when the search cost is 0 by uj,. Define u1. to be the closest value to

K1, among [i, %] and denote the corresponding sender surplus by IL,, .. One can see that

==wo,c 7 vg

1I < Ilyo,c. Since pj o € {0 vgut)} we have 1. — pj o as ¢ = 0. Therefore, 1L, . — o0 as
¢ — 0. Since 1L, o < Hyoe < Iyo0, we also have Iy — oo as ¢ — 0. ]

O]

3 Comparative Statics

3.1 Comparative Statics With Regard to the Prior Belief
Proof of Proposition [6
(1) High Search Cost (v,A7* < ¢ <¢)

It has been shown in the proof of Proposition [5} Since the optimal strategy does not depend

on the prior, the sender’s payoff does not depend on the prior either.

(2) Low Search Cost (¢ < &= v,K'™! [K(AT*)})

ook
)‘1

F.0.C. of (B)) =K'(\5*) = K(\F*) + p(1 — AT¥)
SATE(A) — K(AT) = (1= A7) [ K (A7) +pATT] > 0
K(AT) £,

= K’(

=K'\ > s
0 Al Vg

¢
=) > — = E < vg\yt < vgAT”
Ug
We now compare the optimal sender surplus between the solution to (P»s,|) and the solution to
, and show that the optimal Sy strategy is always preferred to the optimal S strategy
when both types of strategy are feasible.

Proposition 12. Suppose ¢ < ¢ and pg < pg. The sender uses the Sy strategy when she

provides information in both periods.



Proof of Proposition[12. Yug < o such that Sy (S4) strategy is feasible, denote the optimal
sender surplus by ILs, (o) (ILs, (10))-

. —&)(c—vpAT*)+ By —&)(c—vpAT* )+ _
D)oy = C)(CU:Z’ e <y < pg: L C)(CU:Z’ Y < g & (o) < ¢ — v Ac-
. s po—2c+upAT* .
cording to P]roposmon@7 (Mo, 0 1,8, ) = (_21)(1_7)\{1)1_0,0 — vpAT*) gives g, (po). w1 €
— . vg—c)(c—vpAT*)+c -
i,%/\c—vbk’{*} 1n1PQS)and(g )(vgbl) Suoﬁ%Zc—vaf*. Con-

sider (A, 1) = (B=E=C ¢ —upA\1*), which satisfies the costraints in (PJ ) and is identical

—vp—Hi1

to (Ao,s,, p1,5, ). So, Tlg, (o) > s, (ko).

i) po < po: po < py < (po) > ¢ — vpAT*. According to Proposition @, (No,sp» H1,54) =
72 + )\** o . . ! 172 + )\**
(%, 1 (p0)) gives ILg, (p10). One can verify that % = c—vp A}, %
i < AG*. So, py < fig, which implies that Ao s, (1) < AG*
Vg lo—C
vg—c

Consider pg such that both Sy and S, strategies are feasible. Let pf(po) ==

s, (no) = — K(Mo,s, (10)) + pAo,s, (o) + (1 = Xosy (10)) [= K (AT) + pATT]

c, ., cp c i (po) — ¢ pi'(po) — c)p
Mg, (o) 2 Mg, (o) 1= — K() 4 Loy (1= &) [0 =) (i) =

vg' v Vg —p —p

Lemma 11. %32_0 > >\0,S+ (MD); VMO < :U’6
d_#1 (ko)— d

Proof of Lemmal[I1. z-[F-F=] = = dg Posy (o)) = m
[ < dno g, ()] & (=20, — 1) < —vpv AT (%)
If v, = —1/2, () always holds. If (=1 <) v, < —1/2, we have that — 5 > 1 = ¢ <
vgAT* < :222”—91 AT* = (%) also holds. So, d%o[“l (_MEZ_C] < ﬁ[)\g&r (o)), Vo < pg- Note
that %3270 = AT* > A5 > Ao, (1) This concludes the proof. O

Now we calculate the increasing rate of the sender surplus as a function of pg:

dlls, (po)  K'(No,sy (ko)) — K(ANT*) + 2 p

dpo - up(l=A*)+¢ v
dHSO (/,Lo) ':K/(#l (_I—l:})z*C) P
dpg ' Up Ub
u( )7C ok C,
dlls, (o) < dllg, (po) o K/(%) N K(\T7) — 2 S K'(Xo,s, (10)) %)
dpg —  dug —up —up(L=A*)—c = —up(l =A%) —¢

K(AT)
A*

c

c<é=uv,K'™! [ ] e KOAT) > A\ K'(—)

Vg

¢ C / 1[0 *%
= [KOE) = 2] 2 - AR (e <0t = K2 < K05 =)
9 g
$k C s (&
= —up {K(M ) — Uﬂ > (¢ — wpAT") K (ANo,s+(10)) <>\0,S+(M0) < Xo,s+ (o) = v)
g



<:>K/()\0,8+(,LLO)) KA - & S K'(Xo,s, (110))

—vp —up(L=A)—c = —up(1 = A7) —¢
rempan RIS KO 2 K/ (as (m0)
—Up —p(1=A*) —c 7 —p(1 = A*) —¢
dHS+ (1o) > dIlg, (o)
dpo T duo

One can verify that Ao s, (1y) = = uilsg)=e _ AT*. So, Ts, (pg) = Ilg, (1) Therefore,

Vg’ —vp

HSO > H5+ (,UO)' HSO (,UO) > ESO = HSO (:UO> > H5'+ (#0)'

Now we show that the Sy strategy is feasible whenever the S, strategy is feasible, which
concludes the proof of Proposition

Lemma 12. Suppose ¢ < vgA(*. For any po such that the Sy strategy is feasible, the Sy

strategy is also feasible.

Proof of Lemma[12. Suppose there exists o such that the Sy strategy is feasible while the Sp

. . % 2ug—c (2—X1*)e 2ug—c . . .
strategy is nzot feasible. Then, 2c — v A]* < (U‘;)Q and (1= )\1,{*) = < (U‘;)Q , which is equivalent
to AJ* < %(:W + %; and ¢ > vy AT", which is not possible as we assumed that ¢ < v AT*. O]

O

Proposition [12] tells us that we can limit our attention to the Sy strategy when ¢ < ¢. Proposi-
tion |10| has characterized the optimal Sy strategy, which implies that the sender’s payoff strictly

increases in the prior belief.

Intermediate Search Cost

Proposition 13. When the search cost is intermediate, v \)* < ¢ < vgA\T*, and the sender pro-
vides information in both periods. There exists yg 4 € [%c,ﬁa) and pao € [%c, p2.+]. The
probability of a positive signal in the first period, \j, remains the same when g < poo and strictly
increases in the prior when po > pe4. The probability of a positive signal in the second period,
A1, strictly increases in the prior when pg < p2o and remains the same when pg > p2 . The
belief after observing a positive signal in the second period, i}, strictly decreases in the prior when

to < 2,0 OT [o > po . A positive signal always fully reveals the state in the first period, jiy = 1.

When the expected receiver surplus in the second period is zero (the Sy strategy), the minimum
amount of persuasion for the receiver to search in the first period is already too high. Under the
S strategy, the receiver anticipates that the sender will give him a high benefit from searching in
the second period, which relaxes the first-period participation constraint. Therefore, the receiver

is willing to search even if the sender reduces the amount of persuasion in the first period. This



benefits the sender. However, the S, strategy has the disadvantage of inducing higher expected
receiver search costs.

When the prior is low, the disadvantage of the S strategy dominates the advantage. The
sender prefers the Sy strategy to the Sy strategy. The likelihood of a positive signal is higher
than its unconstrained optimum in the first period and lower than its unconstrained optimum in
the second period. In the first period, she provides the minimum amount of persuasion for the
receiver to search. So, the probability of a positive signal in the first period, Aj, does not depend
on the prior. In the second period, she provides the maximum amount of feasible persuasion. More
frequent positive signals are feasible when the prior is higher. Even if the receiver becomes less
certain about the state being good after observing a positive signal, he will still search as long
as the likelihood of receiving a positive signal and earning a strictly positive surplus increases.
In equilibrium, the sender trades off the precision of a positive signal for frequency as the prior
increases.

When the prior is high, the advantage of the S, strategy dominates the disadvantage. The
sender prefers the S strategy to the Sy strategy. The likelihood of a positive signal is lower than
its unconstrained optimum in the first period and there is no distortion in the second period. In
the first period, she provides the maximum amount of feasible persuasion, which strictly increases
in the prior. In the second period, she provides the optimal amount of persuasion, which does not
depend on the prior. When the prior increases, the receiver’s participation constraint in the first
period is relaxed. Even if the receiver anticipates a lower surplus in the second period, he will be
willing to search in the first period. Therefore, the sender trades off the precision of a positive signal
in the second period for the frequency of positive signals in the first period, and the belief after
observing a positive signal, 1], strictly decreases in the prior. The optimal strategy is discontinuous

when the sender switches the types of strategy, as illustrated in Figure
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Figure 13: The sender’s optimal strategy and payoff when ¢ = 0.067,p = 0.8,v, = 0.2,v, =
—0.8, K(\) = kX2/(1 = )\),k=0.5

HWhen the search cost is intermediate, the sender always provides information in both periods provided that it is
feasible. So, we do not plot the sender’s payoff of providing information in only one period.



Proof of Proposition[13. We compare the sender surplus between the solution to (Ps.|) and the
solution to . The following result shows that the optimal S, strategy generates a strictly
higher sender surplus than the optimal Sy strategy when the prior is high.

Lemma 13. If v, \§* < ¢ < vgAT*, the receiver gets strictly positive surplus in the second period

when g 1s close to fug.

Proof. According to Proposition [9] in the main text, the sender achieves the benchmark payoff
—K(AS) + pA5T + (1 = X§°) [-K (A7) + pA*] when py — po by the Sy strategy. According
to Lemma [8] in the main text, the sender surplus of the Sy strategy is < —K(i) + % +(1-
i) [—K (A7) +pAT] < =K(AF) +pA§" + (1= A5 [ K (A7) + pAi*] as Af* < i = Ag. The dif-
ference of the benchmark sender surplus and the sender surplus of the Sy strategy is larger than a
strictly positve constant. So, when pg — 19, the S strategy gives the sender strictly higher payoff.
Vg Ay" < ¢ & (o) > ¢ — vpA* = the receiver gets strictly positive surplus from the S, strategy
when pg — pp. Thus, the receiver gets strictly positive surplus in the second period in equilibrium
when g — 1. Continuity of the optimal strategy and sender surplus then implies that there exists
a neighborhood [zg — §, j19] for some 6 > 0 such that the receiver gets strictly positive surplus in

the second period in equilibrium when ug € [y — 9, f10]- O

When é < po < p1,2, the sender provides information in one period. When 12 < pg < 140,
the sender provides information in both periods. Proposition [9] and Lemma [§]in the main text

imply the explicit form of the optimal strategy. When pio < po < poy, (A5 = (=,1),

— Ug?

x =%\ _ (Vg(po—c)—c(l—c) [vgro—clp * _ Ugho—C
( 17M1> = ( . (;,(Ug_c) 7%(“0(]_5_0(1_0))7 Hy = igo_c <

. . — *  —% —2c+up AT* * =%k *xk *
in cach period. When iz < o < fio, (N fig) = (L2500 1) (A i) = (A, {24, pf =

wi(po) > ¢ — vpAi*, where [11(po) = 2C_Ub’\T*_c(ij;__:s/\f*ﬂb)uo. The receiver gets strictly positive

¢ —upAT*. The receiver gets zero surplus

surplus in the second period and zero total surplus. ]

3.2 Comparative Statics With Regard to the Sender’s Costs

Proof of Propostion[7. When the search cost is high, v,A\j* < ¢ < ¢, the optimal strategy of the
sender is (A}, @) = (i, 1) according to Proposition @ in the main text, which does not depend on
7.

When the search cost is low, ¢ < ¢ < vgA\j*. The boundary solution does not depend on 7.
Consider the interior solution to (Pag, ), we have: nff(“_l;bc)ﬂw;“l nK'(H=C) _pK'(Bo—ii—c) 4 — (),

—p —Vb—H1
The LHS strictly increases in pp and strictly decreases in 7. So, n 1= pi t= \j = £ lpfc A =
Ho—pi—c i O

P—HT



4 Efficient Information Structure

4.1 Efficient Strategy in the Second Period

Proposition 14. At the second period, the social planner does not provide information when p; <
po,1. When pi > po, the efficient signal fully reveals the state when a positive signal arrives,

fi1,e = 1; the probability of a positive signal, A1 ., depends on the search cost:

1. if ¢ > vgA\]*, then there exists a unique ze (vgAT*, H1vg] such that the social planner does not

provide information if ¢ > z and Me = i VAL A W) ife< z.
2. if ¢ € (1 + vpATF, vgAT), then Aie = 1.
3. if ¢ < p1 A+ vpATE A g\, then Ao = A\ A g

Proof of Proposition[14. We first introduce a relaxed problem, in which the receiver is forced to
participate and the social planner can generate any signal that fully reveals the state when a positive
signal arrives. The social planner chooses the information structure to maximize total welfare. We

will use the solution throughout the remaining section.

II}\&X—K()Q) + A (Er)
1

Lemma 14. The optimal solution to (E,|) exists and is unique. Denote it by \i. The objective
function under \i is strictly positive. N does not depend on the search cost ¢ and A\; > 1%, the

solution to the payoff-maximizing relazed problem (P.).

Proof. All the results follow from the same argument as the proof of Lemma [1| in the main text
except Ay > A\:*. The F.0.C.’s imply K'(A\;) =1 > p= K'(Af) = A\; > A\ O

As the social planner wants to maximize the total welfare, she always wants to make the
precision of the signal, 1, as high as possible (subject to the feasibility constraint) given p; and
A1, to increase receiver surplus while holding sender surplus fixed. So, if the social planner provides

information, then iy = §- A 1.

L if ¢ > vgAT* (t.e. ATF < é), then TS = KA+ —e Z‘f A2 = AMe = i vV
—K()\l) + A —c if A1 <1

(/\~1 A p1) when the social planner provides information. Since p1 > po.1, we have A\ < g

and therefore fi; . = 1. The social planner provides information if the total surplus is non-

negative. Similar to the proof of Proposition [4] in the main text, one can show that there

exists a unique ce (vgAT*, 1vg] such that the social planner does not provide information iff

¢ > ¢. Moreover, if ¢ > vg):l, AMe = i =e=1=>TS=—-K(Aie) +pA\ie=>C=C.

10



2. if ¢ €~['u1 T AT, v ATT) (e AT > BT > i), then by the previous argument, ;. =
i\/()\l/\,ul):[néﬂl’e:l.

3. if ¢ < 1 + vpAT Avg\T* (e AT € (i, “_1;;)), then the total welfare

—KM)+p1—c if \ > -
TS = <1> i fazm :>)\1,e:/\1/\,u1:>ﬁ1,e:1.

—K()\l) +)\1 — C, ’Lf )\1 < 1

O
4.2 Efficient Strategy for the Entire Game
Proof of Proposition[8. When vg):1 <c< %, the constrained program of the social planner is:
_ c. cp
max —K () + ot — ¢+ (1= o) | ~K(5) + 2] (Fa)
g g

C
s.t. " 7/’61 2 F
g

Using similar methods of finding the optimal sender strategy in the main text, one can show that
the solution to is (Aoe, A1) = (=, ). Therefore, there is no information distortion.

Vg Vg
When vgA\T* < ¢ < vgAi AT, the constrained program of the social planner is:
max —K (Ao) + Xofio — ¢+ (1 — Xo) [=K (A Apy) + X A —c (E2r)
c
st (D). @ > =
g

Using similar methods of finding the optimal sender strategy in the main text, one can show that
the solution to is (Mo,e;s ALe) = (-5, -%). Therefore, there is no information distortion.

PP
Vg’ Vg

When ¢ < vgAT*, one can see that we can restrict ;11 to be less than or equal to ):1 without loss

of generality. The constrained program of the social planner is:

max —K (Ao) + Aoglo — ¢+ (1 — Ao) [ K (p1) + p1 — ¢ (E2s,)
C
s.t. 77#1 > ;
g

Using similar methods of finding the optimal sender strategy in the main text, one can show that

. . o=y —¢ .
the solution to (Eas,) is (Aoe, A1e) = (Op_ii, i) Therefore, the sender provides too much
vg
information (relative to the efficient solution) in the second period and too little information in the
first period. O
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5 Extensions

5.1 Discounting

In the main model, we assume that there is no discounting. In reality, information acquisition
and provision usually happen in a short period, and that assumption is reasonable. However,
some communications between the sender and the receiver can take longer. Here, we study the
information provision strategy when the sender and the receiver have the same discount factor,

0 € (0,1). With discounting, the sender’s problem becomes:

max —K()\()) + pAo + (5(1 — )\0) [—K()\l) + p)\l] (Pgﬁ)
0,100,141 ,A1,41
s.t. AO(/IO + Ub) + (5(1 — )\0)[)\1(,[[1 + ’Ub) — C] >c (IRoyg)

(Fv), (A1, f11) solves (P1)

One can see that both the objective function and the first-period participation constraint change.
When the players become less patient (the discount factor & decreases), the present value of
the second-period sender surplus decreases, and the first-period participation constraint becomes

tighter. Thus, it is less attractive for the sender to sell the goods in the second period.

Proposition 15. When the search cost is high, ¢ > vyAT*, the optimal strategy does not depend
on the discount factor, 5. When the search cost is low, ¢ < ¢, the sender increases the amount of

persuasion in the first period and reduces it in the second period, as players become less patient.
Proof. When ¢ > ¢, the sender does not provide information for any 4.
(1) vgAj* <c<e

By the same argument as the proof of Proposition [6] in the main text, one can see that the

optimal strategy of the sender does not depend on §. For low prior, puo € [%, 2(2‘; )_QCC), the
sender provides information in one period, (\*, i*) = (i, 1). For high prior, po > %c, the
g

sender provides information in both periods, (A}, @) = (é, 1),t =0,1.

(2) c<eé

The sender’s problem can be divided into 2 cases:

max — K (A\g) + pAo + (1 — Ao) [K(AT*) + pAT™] (P253+)
s.t. IRO 6)7 (FO)a IS [C - be)\T*v )‘ik*]

— C — C
max —K (Xo) + pAo + (1 — Xo) —K(Ml_vb )+ (’”_Ub p (Pds.)

c *k
s.t. URos), (Fo),p1 € [v—,c—fub)\l ]
9
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Consider the solution to 1P€S ). By the same argument as the proof of Proposition [5|in the
main text, (Pgs ) is equivalent to

max —K (Ao) + pho + 3(1 — Ao) [_le U ")p] (Ps)

- —p—c

st A € [Mo M po = i ]
-1 —vp—

c Ugplo — C

o[£

vy vg—c

By arguments similar to the proof of Proposition [5|in the main text, Ay < % is binding

for po < j1p. Suppose that p1’s constraints are not binding.

. _ . g p1—c (p1—c)p Bo—p1—C
The Lagrangian is £ = —K (Ao)+pAo+0(1—Xo) [ K () + e }—H] ( o _ )\0) st.n>
0,7 (M . Ao) —0. F.O.C. =

—vp—p1

p— 1 M1 — C
7725(10—#1)—5 K/( )
p —Up
—pr—c —c
= k(B )+p+6[K(”1 )—u1+0}
—Up — M1 —Up
—c - —c —p1—c
:é[m’“ )4 P >p+c]K'<“°‘“>+p=o (5)
—Up p —Up —Up — H1

The sum of the first two terms of the LHS of strictly increases in §, and the LHS of
strictly increases in pu1. So, the optimal Ag strictly decreases in §; the optimal p; and A; strictly

increase in 6. When one of p1’s constraints is binding, Ag and A; does not depend on 4.

We finish the proof of this case by showing that the Sy strategy dominates the S, strategy.
Denote the sender surplus of the optimal Sy (S4) strategy when the discount factor is § € (0, 1)
by Ils,(d) (ILs, (§)) and denote the corresponding optimal Sy (S5 ) strategy at time t by A s,(0)
(A5, (0)). We have:

ITs,(0) = — K (Ao,50(0)) + PAo,s,(6) + (1 — Ao,5,(6)) [ K (M,8,(6)) + PA1,5,(9)]

> — K(X0,50(1)) +PA0,50(1) + (1 — Ao,50(1)) [ K (A1,5,(1)) + PA1,s, (1)]
— K (X0,50(1)) + pAo,s, (1) + (1 — Ao,s0(1)) [ EK(A1,5,(1)) + PA1,s, (1)]
=) (1 = A0,50(1)) [ K (A1,50(1)) + pA1,s, (1)]

=

A
V=

—~

[a—

— K(Xo,5, (1)) +pAos, (1) + (1= o5, (1) [K(A) + pAT]
— (1=0)(1 = Ao,s, (1)) [=K(AYY) + pAT]
== K(Xos, (1) +pros, (1) + (1 = Aos, (1) [E(AT) + pAT]
> — K(Xo,5,(9)) +pAo,s, (8) + (1 = Ao,s, (0) [ (A7) + pAT]

13



= HS+ (5)

, where the inequality (f) holds because we have shown in the proof of Proposition @ in the
main text that in this case —K (Ao, s, (1)) +pNo,s, (1) +(1—X0,5,(1)) [ K (A1,5,(1)) + pA1,s,(1)] >
—K (o5 (1)) +pAo,s; (1) 4 (1= Ao,5, (1)) [-K(AT") + pAT™] and we have Ao 5,(1) = Ao,s (1), —
K(A1,50(1)) + pAr,s, (1) < —K(AT") + pAT™

O]

When the search cost is high, it is hard to satisfy the participation constraints of the receiver.
Providing enough information to persuade the receiver to search dominates the force of discounting.
Therefore, the sender’s strategy remains the same as the no-discounting case, and the sender
perfectly smooths information provision. When the search cost is low, the sender reduces the
amount of persuasion in the second period when the players are less patient because of discounting.
The sender increases the amount of persuasion in the first period as she becomes more tempted to
convert the receiver early.

We assume in the main model that the receiver is forward-looking and takes into account the
potential payoff of the second period when he chooses his action in the first period. This assumption
is reasonable if the information environment is transparent and the receiver knows that gradual
learning is possible. We now consider the possibility of asymmetric discount factors. In particular,
the sender is perfectly patient while the receiver is perfectly impatient (myopic). If the receiver is
myopic, then he trades off only the current-period benefit and cost in deciding whether or not to
search. The information in the second period cannot relax the first-period participation constraint.
Therefore, when the receiver is myopic, the feasible information structure is a subset of when the
receiver is forward-looking. If the receiver’s surplus in the second period is strictly positive when
the receiver is forward-looking, the optimal information structure may not be feasible when the
receiver is myopic. Hence, the sender is (weakly) worse off if the receiver is myopic rather than
forward-looking. This result has managerial implications, as it suggests that the sender should try
to better inform the receiver of the possibility of gradual learning. Common knowledge of gradual

information revelation improves the sender’s surplus.

5.2 Infinite Number of Periods

The two-period model can capture information smoothing and gradual learning. We extend the
main model to a model with an infinite number of periods and show that the main insights extend
to this richer model. This also provides some additional insights.

Time is discrete, t = 0,1,2,... In each period, the sender determines and commits to the
information structure of the current period but cannot commit to the information structure in the
future. The receiver can search for information before deciding. Unlike the two-period model,

there is no deadline. The receiver can search for as long as he wants. Since the sender’s payoff is
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bounded by p, the payoff function is well-defined even without the discount factor. So, we do not
consider discounting for consistency with the main model. We can analyze the problem similarly

if we include discounting.

Proposition 16. When the search cost is high, vgA\T* < ¢ < ¢, the sender provides perfectly smooth

%j periods, and a positive signal fully reveals the state, (A}, 1*) =

(¢/vg, 1), for t = 0,1,...,k — 1. When the search cost is low, the sender adds noise to positive

information for k := |

signals. As the search cost approaches zero, the sender could obtain the equilibrium payoff as if the

persuasion cost were zero.
Proof.

(1) High search cost vyA\7* <c <€

Consider an arbitrary period ¢ in which the receiver takes action G. Suppose the belief at the
beginning of period ¢ is Mt One can see that the receiver must take action G after observing a
positive signal and take action B or S after observing a negative signal in period ¢t. Denote the
sender’s (receiver’s) continuation value after the receiver observes a negative signal in period ¢

by Vi (Wy). Vi, Wi > 0 and (weakly) increase in X The sender’s problem in period ¢ is:

max — K()\t) +p)\t + (1 — )\t)‘/;g
At,fbt

s.t. )\t(ﬂt + Ub) + (]. - )\t)Wt >c (IRt)
Aefiy + (1 — )\t)ﬁt = [kt (Fy)

Denote the optimal \; without constraints by AJ%;. A% = argmax —K(A) +pA + (1 — M) V3.
b 9 At
The F.O.C. of —K(\) + pAt + (1 — \)V; = K'( j”}{) =p-V,<p=K(N\"* = M <

A" < ¢/vy. For any information structure in which A; > ¢/v,, by reducing A; (and potentially
increasing fi; to satisfy the participation constraint), the sender can increase her payoff if V; is
fixed. One can see that p, and W; will (weakly) increase, as long as we keep (/R;) binding.
Hence, V; will also (weakly) increase. So, the sender’s payoff will be even higher. So, under
the optimal information structure, A\; must be no greater than c¢/vs. Since it holds for any
period in which the receiver takes action G, and the receiver surplus from that period is
A (g +vp) — ¢ < i(l + v) — ¢ = 0. The receiver gets zero surplus in each period, W; = 0.
Therefore, the receiver takes action G immediately after observing a positive signal in any
period he searches for information (otherwise, the expected gain from search is strictly negative
and he will not search). This implies that the optimal information structure is k periods of
one-shot signals. To satisfy the receiver’s particiaption constraints, (Af, if) = (¢/vg, 1), for
t=0,1,...k—1.

Bt is possible that there are more than one initial beliefs at the beginning of period t if the receiver searches for
information regardless of the signal realization in a previous period. In that case, u; is any one of them. We will
show that the optimal information structure is one-shot. So, there is actually one initial belief in any period.
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The sender’s expected payoff of providing k periods of such information is: Zf:_ol (l—i)i [% - K (i)} ,
which increases in k. Thus, the sender will provide as many periods of information as possible.

Now we characterize the maximum number of periods.

Denote the initial belief at the beginning of period t by p; := By The feasibility costraint

: p—1— : :
(Fy) and (A}, f@;) = (c/vg,1) imply that p, = % By induction, one can show that
vg
po—1+(1—2)* . . Lo . .
Wi = ﬁ For it to be feasible to provide information in k£ periods, we need ui_1 >

In(1—po) .

c/vg &k < %. Hence, the maximum number of periods is Lln(l—c/vg)

Low search cost

The receiver needs to decide between G and B at the end of the game. We first derive an
upper bound on the probability that the receiver decides on G under any feasible information
structure. Denote the probability that the receiver takes action G in period ¢ by ¢;. Because the
belief must be greater than or equal to —wvy if the receiver takes action G, the mean-preserving

property of the beliefs implies that po > Z;Og q(—vp) = Z:;OS’ q < —‘;—2. The probability

that the receiver takes action G eventually is bounded from above by —’;—2. Thus, the sender’s
payoff is bounded from above by —“U—Obp, even if the persuasion cost is zero. Now we show that
the sender can achieve that payoff as the search cost vanishes. This means that she can obtain

the equilibrium payoff as if the persuasion cost were zero.

Consider the following strategy: Given a search cost ¢, the sender provides the same one-shot
signals for T' consecutive periods (t = 0,1,...,T — 1), where (A, i) = (\, 1) = (1/¢, —vp + /)

In(1——£0
and T = W In each period, the receiver’s expected payoff from searching is Ay (i +

) — ¢ = 0. So, the receiver will keep searching if he observes a negative signal, except in
the last period. By setting Ky =0, one can verify that the mean-preserving property of the
belief is satisfied, and that the variables are well-defined for ¢ small. The probability that the

receiver takes action G eventually is Z;‘F:_Ol AM1=Nt=1-(1-N)T = # — —’;—2 as ¢ — 0.

The sender only incurs the persuasion cost if the receiver has not received a good signal. The
expected total persuasion cost of the sender is bounded from above by the costs of always

providing the information in 7" periods, which is TK(y/c).

— l ( n ) K(\/>) ’ i ’
lim T K = lim vtve K — 1 Ho li 70 L’Hospital’s rule
01%0 (ﬁ) clﬁo ln(l — \/E) (\/E) " ( Vp 01%0 ln(l — \/E)

Hence, the sender’s payoff approaches —£% as ¢ — 0. The receiver’s expected payoff from
b

searching (net of the search cost) is zero in every period given the above strategy. One can

see that the sender’s payoff under the optimal strategy is no lower than that payoff, and it is

bounded from above by —£22. So, it also approaches —£%2 as ¢ — 0.
b Uy

Now we show that the sender adds noise to positive signals when the search cost is low. Suppose

16



not. The mean-preserving property of the beliefs implies that g > S S g -1 = Y75 g <
o < —’;—S. Then, the payoff of the sender is bounded from above by pop < —“v—(f’. But, we have
shown that the sender’s payoff approaches —“U—Obp as ¢ — 0. So, it cannot be optimal for small

c. Therefore, the sender adds noise to positive signals when the search cost is low.
O

This proposition shows that the main insights are robust to the specification of the length of
time. The two-period model corresponds to the case when there is a deadline in the information
acquisition. When time is infinite, there is no limit on how long the receiver can search. Under high
search costs, the optimal information structure fully convinces the receiver that the state is g when
a positive signal arrives. Under low search costs, the optimal information structure adds some noise
to the positive signal. The intuition is the same as the two-period case. Because the receiver can
keep searching for a longer period, the sender can better smooth the information. When the search
cost is high, the sender may provide information for more than two periods if she believes that the
state is likely to be g and the receiver is willing to spend more time searching. The proposition
shows that the sender smooths information provision over more periods for a higher prior belief.
The ability to smooth the information is valuable for the sender, especially when the search cost
approaches zero. In that case, she could obtain the equilibrium payoff as if the persuasion cost were
zero. Because of the low search cost, the sender can convince the receiver to search with very little
information in each period. The sender’s cost becomes very low by smoothing the information over

many periods.
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