Online Appendix for Strategic Disinformation Generation and Detection

A.7 Proof of Lemma 6

We start with two general lemmas to establish the optimization principle, then apply it to J(f3, «).

Lemma 9. Let f1, fo, f3 : F — R be real-valued functions on the feasible set F C A x B, where A and
B are non-empty sets, and F is defined by constraints coupling a € A and 8 € B. For each 3 € B, let
A(B) ={a | (B,a) € F} be non-empty, and assume there exists a common o* () € A(B) such that:

fl(ﬁ:a*(ﬁ)) = aren,?(),{b’) fl(ﬁva) fOi"’i = 172737

with maxima attained. Define the weighted function f(5,a) = w1 f1(8, ) + wafa(B, ) + ws f3(5, @),
where wi,ws, w3 > 0. Then:

max_f(f,a) :rgggf(ﬁ,a*(ﬁ))-

(B,a)eF

Proof. Define g : B — Rby g(8) = f(B,a"(8)) = w1 f1(B,a*(B)) + w2 f2(B,a*(B)) +wsf3(8,a*(B)),
where (3,a*(8)) € F. We prove max g o)cr f(8, ) = maxges g(8).

* max(g q)er f(B; @) > maxgep g(B). Forany 8 € B, since (8, a*(8)) € F, we have f(3,a"(3)) =
9(B) < max(g qyer f(B, ). Thus, maxsep g(B) < max(ga)er (B, a).

* max(g q)er f(B, @) < maxgeps g(B). For any (8,a) € F, since a € A(f) and o* () maximizes
each f;(-, 3) over A(B), we have f;(5,a) < fi(B,a*(B)) fori = 1,2,3. Since w; > 0, it follows
that:

3 3
F(Bya) =Y wifi(B,a) <> wifi(B,a"(B) = £(B,a"(B)) = g(B).
i=1 =1

Since g(8) < maxgep g(f’), we have f(5,a) < maxgegg(f’). This holds for all (3, ) € F, so
max(g a)er (B, @) < maxgep g(B).
Thus, max(g a)cr (8, @) = maxgep g(3). O

Lemma 10. Let fi, fo, f3 : F — R be real-valued functions on the feasible set F C A x B, where A and
B are non-empty sets, and F is defined by constraints coupling a« € A and 8 € B. For each 3 € B, let
A(B) ={a | (B,a) € F} be non-empty, and assume there exists a common o* () € A(B) such that:

f(B.0"(9) = max f(B.0) fori=1.23,

with maxima attained. Define the weighted function f(5,a) = w1 fi1(B,«) + waf2(B, ) + wsf3(5, a),
where w1, ws, w3 > 0, and assume that for each 3 € B, there exists a unique o € A(B) that maximizes

f(B, ). Then:

{0018 € B 110,079 =g (@ ().} = { (0) | (o) € 7. £(50) = e _1(5". 1) |

(Ba)eF

Proof. Define M = max(g o)cr [(B,) and g(B) = f(B,a*(B)), where (8, a*(8)) € F. By Lemma 9,
M = maxgep g(B). Let:

* S =A{(B,a(8)) | B € B, g(B) = maxg e g(5)},



* 82 = {(6,0() ‘ (,B,O[) € ]:7 f(/Bva) = maX(ﬁ’,a’)E}—f(ﬂluo/)}‘

We prove S1 = Ss.
Step 1: S; C So. For (8,a*(8)) € Si, we have g(8) = f(8,a*(8)) = maxgepg(f) = M. Since

(8,a*(B)) € Fand f(B,a*(B)) = M, it follows that (3, a*(3)) € So.
Step 2: Sy C S;. For (8,a) € Sz, we have (5,«) € F and f(8,a) = M. Since o*(/3) maximizes

each f;(, 8) over A(f3), and w; > 0, we have:

3 3
= wifi(B,) Z wifi(B,0%(8)) = f(B,a”(B))-
i=1 i=1
Since f(8,a) = M and f(B,a*(8)) < M, we get f(f, ( )) = M. By the uniqueness of the maximizer
of f(-, B) over A(B), a = a*(B). Thus, f(B,a"(8)) = M = maxgep g(').s0 (8, ) = (8, a"(B)) € S1.
Since S7 € Sy and Sy C S, we conclude S| = 52 ]

Application to the Optimal Design Problem
Consider the following optimal design problem:

max  J(B, a) = wrEUR(8,a) + wppEUS (8, o) + wr(1 — p) U (B, )
s.t. (B,a) € F(9),

where wr,wp,wr, > 0 and wr + wy + wr, = 1. In the notation of Lemmas 9 and 10, let f1(5,a) =

EUR(B,a),fg(ﬁ,a) = EUEI(B,a),fg(B,a) = EUf(ﬁ,a), with weights w1 = wr,we = wyp, w3 =
wr(1 — p). Since wy, we, ws > 0, the two general lemmas apply directly.
The feasible set F(¢) is defined as:

B =¢(sp|0 = L)AL + ¢(su|0 = L)An,
F(p) =1 (B,a) |a=¢(s|0 = H)A, + ¢(sul0 = H)\g,
A, Ag €10, 1]

By Proposition 2, for each 5 € B, there exists a*(3; ¢) € A(f) such that:

EUY(B,a”(8;¢)) = max EU™(8,a),

EA(B)
EU}(8,0"(8;¢) = max EUj(8,a),
EUL (8, (8;9)) = max EUL(B,c).

We select the Pareto-optimal equilibrium for those cases with multiple equilibria, thus for each 8 € B,
the maximizer o*(83) € A(B) of J(3, «) is unique.
Step 1: Maximum Value. Applying Lemma 9 with f; = EU", f, = EU ;3, f3 = EU}? , and weights

wr,wpg,wr, > 0, we have maxg 4)e r(¢) J (B, @) = maxgep J (8, a*(5; 9)).
Step 2: Maximizers. Applying Lemma 10, we obtain the set of maximizers as:

{50510 |5 € B, 305,00 (5:0) = 305, ()

- {6

(B,@) € F(9), J(B,a) = e J(ﬁ/ja,)}



A.8 Proof of Proposition 3

For simplicity, we slightly abuse the notation by denoting U? (3, a*(3; ¢)) by UR(B), U5 (B, a* (3; ¢))
by Uz (B). and UF (8, 0" (8; ) by U (8).

We first characterize the sender’s equilibrium strategy for a given detector {3, a*(3; ¢)}.

Lemma 11. For a classifier with a high capacity, the equilibrium is

S _ (—a*Bo)pAF R _ _ C R _
o —W,%a—mjaa—& B €0, 5)
0¥ =10/, = 1,0/ =0, Be|81,B),
S _ " (B:9)pAF R 8 A
o _maana 1 U 5 S_Ta BE |:B71>

where 1 := [pAfy — (1= p)AF)/[(@(sL10 = H)/d(s110 = L))pAf; — (1 = p)AF] < B.
For a classifier with a low capacity, the equilibrium is

s _ (=a*Bo)pA} R _ _ C R _ [ A)
{U - (1_5)(1_[5{)AIL% »Yna T (1—B)A§’0a - Oa 6 € 0,,8
s _ a*(B@)pA R _ R_ _C 1-8 A
= B_pal na =104 = 555 — 5 56[5,1)
Proof. The equilibrium when 5 > B follows dlrectly from Proposmon 1. Now consider 3 € [0, B ), Propo-
sition 1 implies that the equilibrium is {o° = 1,0% = 1,0% = 0} if (1 —a*(B;0))/(1 = B) 2 ((

P)AL)/(pAfy) andis {o° = [(1 — o*(8; ) pA] /(1 —B)(1- p)AL] oy = C/((1 = B)AL), 04" = 0}
if (1 —a*(8;0))/(1 = B) <[(1 — p)AF]/(pAf).

According to Lemma 5,

1—a*(8;0) _ —%7‘2(@2"9;]3 + ﬁ7 if B<¢(s|0=1L)
1-7 geali=l) if B> (sL|0 = L)
- B G(spl0=H) 1 ¢(syl6=H) $(si|0 = H)
mm{_l—ﬁ SGLl0=L) " 1-B8 d(ulf=1) } © [1’ ¢<sH|e=L>]

Let g(8) := —[B8/(1 — B)l[¢(sL|0 = H)/d(sr|0 = L)] + 1/(1 — ), which increases in 5. One can see
that g(5) = —[(A7 — C)/Cll@(srl0 = H)/@(sl0 = L)] + A /C.

o If the classifier has a low capacity, ¢(sg|0 = H)/éd(sg|0 = L) < (1 — : p)AE/(pAR) or ¢(s|0 =
L)/é(s116 = H) < (A3 — C)pAL/[AFpAR — (1 — p)AEC](ie. g(B) < (1= p)AL/(pAL)), then
(1—a(5; <25))/( —B) < (1-p)AL/(pAf}) and the equilibrium is {0 = [(1 — a*(8; ¢))pAf]/[(1 —
B)(1 = p)AL) o0 = C/[(1 = B)AE] 05" = 0} forall B < 6.

o If the classifier has a high capacity, ¢(sg|0 = H)/¢(sgl0 = L) > (1 - p) AR/ (pAR) and ¢(s1|0 =
L)/d(sL0 = H) > (A] — C)pAR /AL AL — (1= p)AFC](ie. g(B) = (1 — p)AT/(pAf)). then
B € (O,B} ,g(B1) = (1 — p)AE/(pAR), and the equilibrium is

s _ (—a"Bo)eAE p _ ¢ R
d —Wﬁm—m’% =0, Bel0,p)
g _17O-na_1)0-5:0) BG[,@H,B)



According to Lemma 11 and Table 3, EU*(3) weakly decreases in 3 when 3 € [B , 1).

1. If the classifier has a low capacity, EU'(8) = 0 when 8 < 3. When 8 > 3, EUR(8) = [1 —
o*(B; 6)/B]pALL, which is constant for 8 € [3, max{3, ¢(s|0 = L)}] and strictly decreases in 3
for g > max{ﬁ ¢(sr|0 = L)}. So, the optimal true-positive rate of the detector that maximizes the
receiver’s expected payoff is any 5 € [3, max{3, ¢(s.|0 = L)}].

2. If the classifier has a high capacity, then

0’ 6 € [0751)
EUR (8) = { (1—a*(B;0))pAF — (1 - B)(1 - p)AF, Be [51,5
(1-=52) pak, gels)

Lemma 12. ¢(sp|0 = L) > By if and only if ¢(si|0 = H)/¢(si|0 = L) > (1 — p)AF/(pAR).

Proof. Because Z(z) = (x — 1)/[x — ¢(sp|0 = H)/éd(sp|@ = L)| increases in x, ¢(sp|0 =
L) = Z($(sul6 = H)/é(snl0 = L)) > B = Z (1~ p)AF/(pAE)) if and only if (5|6
H)/¢(sulf = L) > (1 = p)AT/(pAF). O

(a) If B> p(s.]0 = L),

oRUR () | (1—p)AF - ST AL >0, B e [Br o(scl0 = L))
08 (1 - p)AF - Seuli=tonl <o, e [o(suld = L), 5)

So, EU™ () is maximized at ¢(sy |0 = L) for 8 € [B1, 3). Because EUX (3) = 0 for all <

B1 and EUF (3) is maximized at Bfor B e [ﬁ, 1), the maximizer of EU* (3) among 3 € [0, 1]

must be 3 or ¢(sz |0 = L).! Thus, we only need to compare EUT(3) and EUR (¢(sz|0 = L)).

One can see that EUR(3) = (1/6-1) (¢(su|0 = H)/¢(sgr|0 = L) — 1) pAR and EU R (¢(s1,|0 =
L) = o(suld = H)pAE — ¢(suld = L)(1 — p)AR = o(sulo = L)pAR(sl0 —

H)/¢(suld = L) — (1 — p)AF]. So, EUE(B) > EU* (¢(s.|6 = L)) if and only if:

¢(su|0=H)—¢(su|0=1L)
Osul0 = H) ~ L2 o |0 = D)| (11 | 0 = L) + @5 |0 = H) — 6(s1 |6 = L)
=: Busitical, Which increases inp(sp|0=H)/d(sp|0 = L).

=
IN

(b) If 3 < ¢(sz]|0 = L),

OEU™ (B)
9p

¢(sc| = H)
—— 2 HA
O(sl0=1L)"
Hence, all g € [61, B) is dominated by 5 = B We can also find EUZ () is constant for
B e [B,é(sz|0 = L)) and decreasing for 8 > ¢(s1|0 = L).

f ¢(su|d = H)/p(su|0 =L) = (1 — p)AR/(pAR), ¢(sL|0 = L) = B and choosing 8 = ¢(s.|0 = L) is equivalent to
choosing any 8 < (1 which makes zero payoff and is dominated by choosing 8 = (.

= (1-p)Af - fi>0p8e(8.5)




A9

All in all, if the classifier has a high capacity, the optimal true-positive rate for the receiver is any

B e [B,max{B, ¢(sp|0 = L)} if B < Beriticat and is B = ¢(sp|0 = L) if B > Beritical-
B S Bcritical
(6510 = 1)~ LR (s1r | 0= 1)] dlsm |0 = L)

& 0>C= AT
(6510 = H) = 8o (s |6 = L) = 1| 6(sir | 0 = L)+ é(su | 0 = H)

A7

Therefore, if the classifier has a high capacity, the optimal true-positive rate for the receiver is any
B € [, max{f,¢(sp|0 = L)} if C > Candis f=¢(sg|0 =L)if C <C.

Proof of Proposition 4

. Classifier with a low capacity

According to Lemma 11, the equilibria are

s _ (—a*(Be)pAT R R _ 3
o (1*5)(1*P)AfH’ na = (Pﬁ)Af’U‘l =0, fe [O’B>

S_oBepA R _ 4 R_ _C 18 3
- 6(1_p)A}L%H7O—na_170—a - BAE B 66 571

So, the payoff of the low-type sender is EU f (8) = 0 and the payoff of the high-type sender is

AS —a*(B: ~
EUR(B) = : S o A
AS_(AS_C)AHO‘(B#’) /36[5 1)
H L Ag B ) )

For 8 € [0, B), EUEI(B) is weakly increasing and is dominated by 3 = §. EUEI(B) is constant for
B € [B, max{B, ¢(s|0 = L)} and is decreasing for 3 > max{3, ¢(s.|# = L)}. So, in this case,

EU$ () is maximized at 3 € [, max{3, ¢(sz|0 = L)}].

Classifier with a high capacity

According to Lemma 11, the equilibria are

S_ (=a*B)eAl;, R _ _ C R _
- = W—/})AIEH’UTW - (1_5)A€70a - 07 /B € [07/61)
0'52170'5(1:1,0'5:0, Be [5173)

S _a*BdpAE R _ 4 R_ _C 1-8 3
g~ = 5(17P)A§H70na - 170a - 5Ai T B B € |:B7 1)

So, the payoff of the low-type sender is

0, B €10,61)
EUS(8) = | A =B)AT —C Be |Bif)
0, e [B, 1)

and the utility of the high-type sender is



CRk =5 ) Befo.p)
EUS(B)={  (L-a"(B:0)AS,  Be€ [Bif)
A - (AF - )G ge|Ba)

Note that we have proved ¢(sp|@ = L) > [ for a strong classifier in Lemma 12. Hence, for
B € [0, 51), EUg(B) is increasing in 3. Moreover, EUZ(f3) is decreasing in 3 € [51, B), constant
for 8 € [B,max{ﬁ, ¢(s|0 = L)}], and decreasing for 5 > max{ﬁ, ¢(spl0 = L)}

Because EUS(0) = A} — (A7 — C)(AF/A7)(a*(3;9)/8) = (1 = a*(5;9))AF < (1 -
o (B1;9)) Ay = EUS(B1), EUZ(B) is maximized at 31. One can see that EUZ(8) is also max-
imized at (3;.

To show that 81 = [pAL — (1 —p)AR]/[(¢(sL|0 = H)/p(sL|0 = L))pAE — (1 — p)AE] decreases
in ¢(sp|0 = L)/éd(sp|0 = H), one just needs to observe that the numerator of ; is negative,
(1 —p)AR > 0, and pAL > 0.

A.10 Proof of Proposition 5
We begin by establishing that IEW( B) is equivalent to EW () with the following parameter rescaling:
NS =wpA3, AP =wAf, O =w,C, ¢ =w,C.
The expected social welfare function can be expressed as:

EW (8) = EUR(B) + wr(1 — p)EUZ(B) + pwyEUS (B)

pC' S g ) Belo,p)
= { (1= (B 0)(AF + AF) + (1= p) [(1 - BY(AF — AR~ '] Be |B1,B)
P (1 _ a*(§;¢)) (A/f{g +A§) +p0/%§a*(g;¢) Be [B’ 1)

The proof proceeds by analyzing two distinct cases based on the classifier’s capacity.

Case 1: Low-capacity classifier. According to Propositions 3 and 4, 3 € [3, max{8, ¢(sr|0 = L)}]
constitutes the optimal detector for both the receiver and the sender. Consequently, any 3 in this interval
maximizes social welfare when the classifier has low capacity.

Case 2: High-capacity classifier. From Propositions 3 and 4, we obtain the following optimal lie
detector configurations:

* Receiver’s optimization: {3* € [Bv maX{B? ¢(§L|e - L)}, a* = a*(B8%; ¢)} when B < Bcriticala and
{B*=0¢(sL |0 =L),a" =a*(8"¢)} when 3 > Beritical-

* Sender’s optimization: {f* = f1,a* = o*(5*;9)}.

This yields the following expression for expected social welfare:

EUM(B)  +wi(l—p)BUS(B) + wipBUR(B), if < Periica
—— -
. X maximiAzed at any maximized at =051
EW (8) = { selfmax{B.o(s.0=L))] o
EUT(3) +wi (1= p)EUY (B) + wypEU (B), if > Peritca
—— ~ ’
maximized at 8=¢(sy,|0=L) maximized at 3=01



First, a high-capacity classifier satisfies ¢(s1|0 = L)/d(sp|0 = H) > (A7 — O)pALR/[ATpAR — (1 -
p)AECT, which is equivalent to C' < A% (1 — By).

To characterize the optimal true-positive rate, we analyze the following three scenarios based on the
lying cost parameter:

1. Low lying cost regime (C' < C’): This condition is equivalent to B > Bmtical. In this case, the optimal
B lies in the interval [31, ¢(sy, | 6 = L)].

2. Intermediate lying cost regime (C' € [C, AS¢(sy | 6 = L))): This corresponds to 3 € (¢(sy, | 6 =
L), Beriticat]. The optimal £ lies in the interval [31, /3].

3. High lying cost regime (C' € [AS¢(sy | 6 = L), A$(1 — $1)]): This corresponds to 3 < ¢(s, |
¢ = L). The optimal 3 lies in the interval [51, ¢(sr | 0 = L)].

The inequality C < Af(b(sH | @ = L) implies chical > ¢(sp |0 =1L).

A.10.1 Low lying cost regime: C <

In this regime, we have ﬁ > chical > ¢(sr, | @ = L), which implies that we need only consider
B € [B1,¢(sp | @ = L)]. For this interval, the expected social welfare function takes the following form:

B (5) = p (1= 0L 00) (A + A+ (- ) (0= H(AF - A - ¢

Because EW(ﬁ) is linear in /3 over the interval [51, ¢(sy, | @ = L)], the optimal true-positive rate §* is
characterized by:

6(sp]0=1) if pSCLE= (A + AR) + (1 - p)(AF — AT <0
5 =145 if pSCLE= (A + AR) + (1 - p)(AF — A > 0
any value in [B1, ¢(sy | 0 = L)] if pSCHE= (A% + AT + (1= p)(AF — AT =0

To simplify the characterization of the optimal 3, we define two parameters:

P(sp|0=H) A S
PoGL=0 A L - p)A
no = (b]EBLle ;()SL‘GI{:H) R >0, 0o = (R p‘)z’(sLLw:H) R >0
(1= p)AF — PS5t A (L= DAL = PGi=n A

Using these parameters, we can express the set of optimal true-positive rates more concisely as:

{¢(SL ‘ 0= L)} if npowyg + lowy, < 1
B(wH,wL) = {Bl} if npwy + lowy, > 1
[51,(]5(8L | 0= L)] if npwyg + lowy, =1

and the maximum expected welfare can be written as:

EW(3) = EW 0—1
56[512%2)%6:”] (8) (o(sL | )

¢(sz |0 = H)

+ (nowp + lowy, — )T (1 — p)AF — pm

AR (p(sL |0 =1L1) - p)



A.10.2 Intermediate lying cost regime: C € [C, A?¢(sy | 0 = L))

In this regime, we have B € (¢(sp, | 0 = L), chica]], which implies that we need only consider
B € [B1, B]. For this interval, the expected social welfare function takes the following form for 8 € [31, A]:

p(1— SEZDB) (A + AR + (1= p) [(1 = B)(AF = AR) = C"] B € [Br, (s | 6 = L))
EW () = 4 (1 - >¢<’;H'|§ ’?(A/ﬁ +AR> +1=p) [1- PP = Af) -] Fe [olsn|0=1).5)

sp|0=H) R P(su|0=H) — A
'OAS c Si]{w L) )A +pCA§I S5 P=L)" p=5

1. For B € [$1,¢(sL | @ = L)], the pattern of EW(B) is the same as the low lying cost regime. That is,

{6(s |0 =1L)} if npwy + lpwy, < 1
argmax  EW(B) = Blwy,wr) := < {b1} if nowgr + lowy, > 1
pelProloLlo=L) Br,é(sr | 0= L)) if nowg + lowr, = 1

2. For B € [(b(sL | 6 = L),B),Wehave

OEW 0=H
b = oA+ A~ (1= (AF - Af)
= (- ppaf - KO Ny O =) g - p)af <0

S(sulo=1L) " TP G160 = L)

<0, by high capacity condition

Thus, EW () is decreasing in 3 for 3 € [¢(sp | 0 = L), B).

Condition 1: npowgy+lywr <1 Given npwg+lowy, < 1, the highest expected welfare for 3 € [51, ¢(sy, |
6 = L)] is achieved at ¢(sy, | @ = L), which is given by:

EW (¢(s1, | 0 = L)) = [~(1 — p) AR (s | 0 = L) + pAlid(s |0 = H))
+wppAfd(su|0 = H) +wr(1—p) (Ald(su |0 = L) - O)

The expected welfare at B is given by:

The difference in expected welfare is:

W(3) - B (605116 = 1)) = (1= A - o5 TSl s (€) = ma(Chum — (€]

X ml(C) — nl(C)wH — ll(C)wL,



 EUR(B) —EUR (¢(s1 | 6 = L))

ml(C) : sr|0=H
(1= pAF — PG AT
oA (SR - 1) (555) + (L= p)ATo(sn | 6 = L) = pAFo(sul6 = H)
- sp|0=H
(1- P)Af - P%((SLLHQ:L)) Ag
A3 p(sp|0=H
pabSaEn (A2 10 =1)=C) (1_p) (Af(su |0 =L) - C)
nl(c) T AR ¢>(8L|9:H)AR ’ ll(C) T 1 AR (sp|0=H) AR
(1= P)AL = Potro=0) Dt (1= P)AL =~ Potsro=0) Bt

By the definition of é’, the zero point of 1 (C) is C. As my(C) is increasing in C, we have m;(C) >
m1(C) = 0 for C € [C,A7¢(sy | & = L)). Because 3 := 1 — C/AF > ¢(sy, | & = L), we have
C < A7¢(sy | 0 = L). Thus,n1(C) > 0and [;(C) > 0.

Condition 2: ngowg+lywr, > 1 Given ngwg+lpwy, > 1, the highest expected welfare for 8 € [51, ¢(sy, |
§ = L)] is achieved at 31, which is given by:

EW (81) = EW (¢(s, | 0 = L))
(s |0 =H)

+ (TL()UJH + lowr, — 1) |:(1 - p)A]L% - pfb(sL ’ 0 = L)

AE] (651, |0 = L) — By)

The difference in expected welfare of 51 and B is:

EW (3) — EW (81) = EW (3) — EW (¢(st, | § = L))
$(sp |0 =H)
#(sp |0=1L)

Aﬁ] ma(C) — wina(C) — wilx(C)]

— (nown + lowr, — 1) [(1 — AR _)p

P(sp | 0= H)
¢(sp | 0=L)

AE] @(s110=L)— &)
=[(1-pAf—p

where

m2(C) = mi(C) + ((s | 0 = L) — 1)
n2(C) =n1(C) —no(e(se | 0 = L) — 1)
12(C) = L(C) = lo(¢(sL | = L) — 1)

Then, ma(C) — wyna(C) — wrla(C) = mi(C) — n(C)wy — L (Clwr, — (nown + lowr, — 1)(P(sr, |
0 = L) — (). Then,

EW(B) - EW(,@l) 0.8 ml(C) - 7’L1(C)U)H - ll(C’)wL - (nowH + lowL - 1)(¢(8L | 0= L) — 51)
Optimal 5: Based on the derivation of Condition 1 and 2,

EW(5) — ma. EW x M(C;wg,w
(6) ,BE[ﬁl,qb(sz(w:L)] (B) ( H L)

where

M(C;’LUH,UJL) = ml(C) — nl(C)wH — ll(C)wL - (nowH + l()’U)L — 1)+(¢(8L ’ 9 = L) — ﬁl),



and it is increasing in C' and decreasing in wg and wr,, with M (C; wg, wr) = —n1 (C)wy — 11(Cwy, —
(nowg + lowr, — 1)"(p(sp |0 = L) — 1) < 0 for any wy and wr..
Because m(C) — n1(C)wy — 11 (C)wy, is increasing in C' and

mi1(C) — ni1(C)wy — L1 (Chwy, =m(ALp(sy |0 =1L)) = d(syr |0 =L) >0
C=AF¢(su|0=L)

The M (C;wir,wr) < 0 holds for any C € [C, AY¢(sg | § = L)) if and only if

mi1(A2¢(sy |0 =L)) L1— 11—
(s |0=1L1)—p (s [0=1L)—p

The set of the optimal true-positive rate 5* is given as follows:

nowH+l0wL Z >1

L If nowp + lowr, < (1= B1)/[¢(sr | & = L) — B1], the zero point of M (C;wp, wr) in the interval
[C,AZ¢(sy | @ = L)) is denoted as C; (wp,wy). The set of the optimal true-positive rate 3* is

given by
B(wg,wr) ifC e [C‘, Ci(wm,wr))
B(wy,wp) U{B} ifC = Cf(wy,wr)
{8} if C € (Cf(wg,wr), AT¢(sy | 6 = L))

By implicit function theorem,

OM (Cywpr,wr) OM(Ciwgr,wr)

ow ow
OCT (wg, wr) _ i C=Cf (wh,wr) >0 ICT (wu,wr,) _ " C=C{(wh,wr) -0
8’U)H OM (Ciwgr,wr) ’ awL OM(Cywg,wr)
ocC oC
CZCT(MH,ML) C:Cf (vawL)
2. If nowy +lowr, > (1—p1)/[¢(sL | @ = L) — 1], the set of the optimal true-positive rate 3 is {31 }.
A.10.3 High lying cost regime: C' € [A7¢(sy | 0 = L), A7 (1 — B1)]
This corresponds to 3 < ¢(sz, | # = L). The optimal 3 lies in the interval [31, ¢(sz, | # = L)]. The
expected welfare is given by
sp|0= A
BT (5) p(1 — SELEZIB) (A + AR) + (1 p) [(1- B)(AF — AF) - 1], Be|bib)
- sp|0=H AF $(sp|o=H A
p (1 SRR ) (84 + M) + 00 S S BelBols|0=L)

The EW () is constant for 8 € [, ¢(sy, | § = L)]. For 8 € [,6’1, B), the form of EW (8) is the same as it

within the low lying cost regime. Thus, the 8EW(5) /O is proportional to 1 — (nowg + lowr). Thus, if
nowy + lowy, < 1,all B € [51,3) is dominated by any 3 € [B,gzb(s,; |6 =L)].
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If nowg + lowr, > 1, we need to compare EW(Bl) and EW(B), where

o i Ro1 ¢(5L|9:H) 1 . R
EW(81) = pAx(1 517¢(5L|9 — L)) (1-p81)1 = p)AL
Fun(L= (1~ B)AT — O] +wrpAf(1 - m%)
—~ P(sp|0 = H) r Af ¢ (sL|0:H)
The difference in expected welfare between B and [ is:
= = o a4 ar, Pr|0=H) g
B (5) - B (60) = (61— 1) |-(1 - )Af + o5 L T2l
>0
P(sp|0=H) g 5
run gt ta=0) 10
+wr(1-p)AL(B - B)
Then, EW(B) — EW(&) < 0 can be given by mawpgy + ngwy, > 1, where
pE=H NG (B - B1) b-p
= ng > 0,
T G- [~ = paf+ pfli=liaL] 1=
(1-p)A(B - B) BB
ng = = lp >0
UG -0 [0 p)aR 4 Sl AR -6

Thus, mswg + ngwy, > 1 is equivalent to nowg + lowL > (1- ﬂl)/(B — (1), which is equivalent to
C<(1- 51)[1 — 1/(nown + lowr)]AZ. Note that 3 < ¢(sz | 6 = L), we have npwy + lowy, <
(1-— 61)/(6 B1) holds for all C' € [quﬁ(sH | 0 = L), LLq(l — f1)] if and only if nowgy + lowr <
(1=p51)/(¢(sp |0 =L) = pr).

The set of the optimal true-positive rate 5* is given as follows:

1. If nowg + lowr, < (1 — B1)/(¢(sr | 8 = L) — B1), the set of the optimal true-positive rate 5* is

[3,6(s1. | 0 = L)).

2. If nowy + lowr, > (1 — p1)/(é(sz | @ = L) — B1), the set of the optimal true-positive rate * is

(61} ifC e [Afgﬂ)(sH 10=1),(1-5) (“W) Ag)
{B1}U[B.8(s1 | 6 = L)] ifC = (1-51) (1 ot ) A
[8,¢(s |6 =L)] ifCe ((1 — 1) (1 - m) AF, A1~ ﬁ1)}

A.10.4 Summary

In summary, the set of the optimal true-positive rate 8* is given by

1. Case 1 nowy + lowr, < (1 — p1)/(¢(sr | @ = L) — 1) the set of the optimal true-positive rate 5*

11



" B(wpg,wr,) if C < Cy(wmy,wr,)

B(wg,wr) {8} ifC =Cf(wy,wr)

{6} if C € (C}(wy,wr), A7 ¢(sy | 0 = L))

[8,¢(s1 | 0 =L)] ifCe[Af¢(su|0=L),AF(1~p1)]
B(wg,wr) if C < Cy(wg,wr)

= ¢ Blwgr,wr) U {3} if C = Cf (wy,wr,)

(B, max{B, 6(s116 = L)}] ifC € (C}(wn,w), AF(1 - By)]

2. Case 2 nowy + lowy, > (1 — 51)/(¢(s, | @ = L) — 1): the set of the optimal true-positive rate 3*
is

{61} ifC < (1=51) (1 - pootmer ) AF
{B1}U[B,d(sL |0 =1L)] ifC=(1-p)(1- sotmer ) A7

Boorlo=L) itCe((1-8) (1- o) AL AT - 8)

nowg+lowr
where
{o(sp |0 =1L)} if nowy + lpwy, < 1
B(wg,wr) =< [B1,¢(sp | 0 = L)] if nowy + lowg, =1
{B1} if nowy + lowy, > 1

By the definition of C¥ (wyy,wy,), we can define a continuous function C'(wyr, wy,) as follows:

Cwpr,w) : Ci(wr, wy), if nown +lows < gty
H,WL) = . 1— )
(1—p1) (1 — m) A% if nowy + lowy, > W’Bﬁ)_ﬁl

which is increasing in wy and wy,. Then, the set of the optimal true-positive rate 5* can be written as

B(’LUH,U)L) if C < C’(’LUH,’LUL)
B(wr, wy) U (3, max{f, ¢(sp|0 = L)}] ifC = Q(wH,wL)
[B,max{ﬁ, ¢(SL|9 = L)}] ifC e (C(’UJH,U}L), Ag(l - ﬁl)]

A.11 Proof of Proposition 6

According to Lemma 5, we must have the constraints on the detector with {3, a*(3, ¢)}, where 5 <
d(sp | 0 = L) and o*(B,¢) = (¢(sp|0 = H)/d(sp|0 = L))B. That is, compared to the original model,
the only difference in the extension is the constraint on the range of 5.

Case 1: Low-capacity classifier According to the proof of Proposition 3 in Appendix A.8, if the classifier
has a low capacity, we have EU%(8) = 0 when 8 < 3. When 8 > /3, we have EUR (8) = [1 —
o*(B; ¢)/BpAL:, which is constant for 3 € [B,max{ﬁ, o(sp|0 = L)}

Therefore, the set of optimal true-positive rates that maximize the receiver’s expected payoff is:

« [0,6(s0]0 = L)] if p(s.|0 = L) < B (ie., C < A3é(sy | 6 = L)), which gives zero payoff to the

receiver.
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« [B,0(s]0 = L)] if ¢(sz|0 = L) > B (e., C > AZ¢(sy | 8 = L)), which gives a constant payoff
[1— ¢(s|0 = H)/¢(s|0 = L) pAL to the receiver.

By the proof of Proposition 4 in Appendix A.9, if the classifier has a low capacity, the payoff of the
low-type sender is EU f (8) = 0 and the payoff of the high-type sender is

AS —a* . ~
EU(B) = g S A% a* (Bi9) A
A (AL —O)3¢—pF, B¢ [571>

Thus, the set of optimal true-positive rates that maximize the high-type sender’s payoff is:
* {(s0l60 = L)} if ¢(s.10 = L) < B (ie., C < AZd(s | § = L))
* [B.0(s0l0 = D))if ¢(sp|0 = L) > B e, C > Afd(sn | 0 = L))

For the weighted sum of the receiver’s and the sender’s payoffs, EW(3) = EUR(B) + wg(1 —
p)EU? (B) + pwyEUZ (B), the set of optimal true-positive rates is:

« {¢(sp|0=L)}if ¢(s |0 =L) < B (e, C < AZp(sy | 0 = L))
* [B,0(sLl0 = L)]if (sp|0 = L) > B (e, C > Afd(si | 0 = L))

Case 2: High-capacity classifier: ¢(sg|0 = H)/¢(sp|0 = L) > [(1 — p)AR)/(pAL) and C < (1 —

ﬂl)Af According to the proof of Proposition 3 in Appendix A.8, if the classifier has a high capacity, the
receiver’s payoff is

0’ B € [07/31)
BUT () = { (1= a*(3:0)pAf — (1= 51~ p)AF, S e [p1.)
(1G9 pag, ge )

By Lemma 12 that ¢(s1,|6 = L) > 1, the set of optimal true-positive rates that maximize the receiver’s
payoff is

: A sp 0= 1—p)AR
[0, ¢(s1|0 = L)) if ¢(s.]0 = L) < 3 and Seel=t] — { pﬁ)g L

{O(srlo =1} i o(s2l0=1) < 5 and SRt > (i
(B, ¢(sp|0 = L)] if ¢(spl0=L) =B

By the proof of Proposition 4 in Appendix A.9, if the classifier has a high capacity, the low-type sender’s
payoft is

0, B € 0,51)
EUS(8) = { (1-PB)AT - C, pe [61,3)
0, Be [B, 1)

and the high-type sender’s payoff is

Ai -3 56[0,/81)
EUS(8)={  (L-a"(B:0)A5,  B¢€ [Bif)
Af - (AF- )3k e [f)



which is maximized at 3 = 31 by Proposition 4. Since ¢(s1|0 = L) > 31 by Lemma 12, EUZ(f3) is also
maximized at = (31 in this case. .

For the weighted sum of payoffs EW (3) = EUR(B) + wr(1 — p)EUZ (B) + pwuEUg(B), according
to the proof of Proposition 5 in Appendix A.10, we have the following results:

For C < AS¢(sy | 0 = L) (i.e., ¢(s1|0 = L) < f3), the set of optimal true-positive rates is given by

{¢(SL ‘ 0= L)} if npowyg + lowy, < 1
B(’UJH,U)L) = {Bl} if nowg —{—loU)L >1
[51,(]5(8L | 0 = L)] if npowyg + lowy, =1

For C > Af(b(sH |0 =1L)(Ge., ¢(sg| =L) > B), the analysis is more complex:

1. If ngwgy + lowr, < (1—B1)/(¢(sz | @ = L) — B1), the set of optimal true-positive rates is [3, ¢(sy, |
6=1L).

2. If nowg + lowy, > (1 — 51)/(¢(s. | @ = L) — B1), the set of optimal true-positive rates is

{81} ifC e [A”zcb(SH |60 =L),(1-p1) (1 - m> A‘Lq)
{Bi}UIB.é(sp |0 = L)] itC = (1-51) (1 - s ) AF
B, (s | 0= L)) itCe ((1—ﬁ1) (1—m> A%Af(l—ﬁl)}

Summary: The set of optimal true-positive rates 3* is characterized as follows:
1. Case 1: nqwy + lpwy, < (1 — 61)/@5(5[, | 0= L) — [31)
B(wH,wL) it C < Afgb(sH | 0= L)
[8,6(s0 |0 = L)) ifC € [A7d(su |0 = L), A7(1 = B1)]

2. Case 2: nowy + lowr, > (1 — p1)/(¢(s | 0 = L) — 1)

{Bi} if C < (1-061) (1~ mowmimmur ) A7
{B1}U B, d(sL | 0=L) ifC=(1-p1) (1 - spigear ) A7
[B,6(s | 0 =L)] ifCe ((1 — 1) (1 - m> AP, AF(1 - 51)}

Combining the results from the two cases, the set of optimal true-positive rates 5* is characterized as follows:

B(wp,wr) if O < max{Aggz)(sH 10=1),(1-p) (1 - m) Ag}
{81} U[B, é(sL |0 =1)] ifC=(1-p) (1 - m) A7 > Afo(sp |60 =1L)
[3,6(sp, | 0 = L)] Otherwise

A.12 Proof of Proposition 7

Equilibrium First, if f > 1 — uy /P, high-quality sellers do not enter the market because the maximum
profit from entering, (1 — f)P, is lower than the reservation utility, uz. In this case, low-quality sellers
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also do not enter the market because they cannot induce any transactions when consumers know there are
no high-quality sellers. The market breaks down.

Second, if f € (1 — (C + ur)/P,1 — ug/P], low-quality sellers do not enter the market because the
maximum profit from entering, —C'+ (1 — f) P, is less than the reservation utility, u,, and only high-quality
sellers may enter the market. Thus, the optimal commission fee above 1 — (C' + uy,)/P is the highest
possible f that incentivizes high-quality sellers to enter the market, 1 — uz /P, which generates a profit of

Third, we consider the case where f < min{l — (C' +ur)/P,1 —ug/P}. In such cases, both types of
sellers may enter the market. There are four possible (pure strategy) entry decisions:

1. Only low-quality sellers enter the market. This cannot be an equilibrium because consumers will
never purchase a product.

2. Only high-quality sellers enter the market. The platform’s profit is II = P fp.

3. None of the sellers enter the market. This cannot be an equilibrium because high-quality sellers can
profitably deviate by entering the market.

4. Both types of sellers enter the market. Upon entry, the game coincides with that in the main model
where A7, = A7 = (1 — f)P, AR =1 - P, and AF = P — v. In this case, each high-type seller’s
sales are EUS /(1 — f) and each low-type seller’s sales are (EU? + Ca®)/(1 — f). The platform earns f
fractions of the total sales. Thus, its profitis IT = f[pEU /(1 — f) + (1 — p)(EU7 + Co®) /(1 — f)] =
[f/(1 = O)PEUE + (1 — p)(EUF + Cc®)]. Table 4 presents the equilibrium payoffs of the platform and
senders for a given commission rate f and detector (3, «).

« Range

a<1- BB G g ae (1- 5000 - ), 6]
5 Range
L=C/A-HPLY) | = Lpa-nP(1-5) +CP8], BUF =0, BUS = (1= NP (1-5) +C§
= flp(1—a)+(1-p)(1-B)P, n=Lpciiss,
(0, 1=C/[(1 = f)P]) EUS = (1-8)1 - f)P - C, EUS =0,
EU; =(1—a)(1- f)P EUj; = C1=5%

Table 4: Equilibrium Payoffs for a Given Commission Rate and Detector

It is an equilibrium for both types of sellers to enter the market if and only if the following conditions
hold:

1. A low-quality seller’s equilibrium payoff exceeds his reservation utility, EU f > ur.

2. A high-quality seller’s equilibrium payoff exceeds his reservation utility, EUfI > ug.

According to Table 4, the above conditions are equivalentto o« < 1 — (1 — 8)(1 — p)(P — v)/[p(1 — P)],
a<l-—ug/[(1=f)Pl,and f <1—(C+ur)/[(1— f)P]. Following Section 5.1, we analyze the case
of \g = 0, where § < ¢(s|0 = L) and a = o*(5,¢) = Bp(sp|0 = H)/¢p(sp|@ = L). The designer’s
optimization problem is:

max flp(1 =) + (1= p)(1 = B)P ©)
S.t.BS¢(8L|9:L),a:a*(67¢)7
=P o CGrun
01 S0 a1 - i mape (0.1~
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sL|9—
@n}%xf[ < 50 =1 5)+ 5)]]3
¢(sclf = L) ug
st77<5<¢(8L|9— )7/8§¢(SL’9— )|:1_(1—f)P

_[A=pP =) ] [A=p)P—v)  olsilo = H)
e =[S ) [ - S

C+ur,
(1= f)p’

],and,@ﬁl—

Notice that the upper bounds on 3 decrease in f. So, f = 0 corresponds to the most relaxed constraints
on 3. The constraints of the designer’s optimization problem can be satisfied if and only if there exists a
feasible 8 when f = 0, which is equivalent to

- ¢(sm|0 = H) _ (1—p)(P—v)
n<P(sp|f=L) <<:) P(sy|0 = L) - p(1—P) ) v
andngmin{(m;g))(l—lg),l_ C—;uL} 5)

Condition (5) is more likely to be satisfied when the classifier has higher capacity (i.e., when ¢(sz.|0 =
L)/¢(sp|0 = H) is larger) because n decreases in ¢(sp|6 = L)/¢(sp|0 = H) whereas the right-hand
side of the inequality increases in ¢(sp|0 = L)/¢(sp|0 = H). In the limiting case where ¢(sz|0 =
L)/p(sp|0 = H) — o0, the condition reduces to (C' + ur)/[(1 — 7)P] < 1, where 7 := 1 — p(1 —
P)/[(1—=p)(P —v)]. When (C'+wur)/[(1 —7)P] < 1, there exists a threshold ¢7 such that (5) holds if and
only if ¢(s110 = L) /¢(s.|0 = H) > 6},

When both (4) and (5) hold, the optimal detector inducing both types of sellers to enter the market is

* * _ x _¢(5L|9:H) . Uy CHur | 1
ﬁ =1« —a(n7¢)—mﬁ, andf =1 — max 1_%77’ 177’ F
o(sL

The optimal true-positive rate 5* = 7 decreases in ¢(sp|0 = L)/p(sp|6 = H). The corresponding
platform’s profitis Il = f*- P - {p[l —n¢(sp|0 = H)/éd(sp|0 = L)] + (1 — p)(1 — n)}, which is strictly
increasing in ¢(sp|0 = L)/p(sp|0 = H).

Optimal Commission Rate and Detector We just need to compare the profit under the optimal commis-
sion rate and detector that induces only high-quality sellers to enter the market with the profit under the
optimal commission rate and detector that induces both types of sellers to enter the market.

The platform obtains the highest profit when only high-quality sellers enter the market, I} = P(1 —
ugr/P)p, by setting f = 1 — uy/P. In this case, one can verify that conditions (4) and (5) cannot be
simultaneously satisfied. Thus, only high-quality sellers enter the market given any detector. The choice of
the detector does not affect the platform’s profits.

When ¢(s.|0 = L)/¢(sL|0 = H) — +o0, the platform’s profit becomes

[1 — max {1;{, (fj%j}?}] [,0 +(1—p)(1— 77)] p.
This exceeds II7 if and only if (C' + ur)/[(1 —7)P] <1 — (1 —una/P)p/lp+ 1 —p)(1 —7)] & C <
p(1—P)P[1—-(1—uyg/P)(P—v)/(1 —v)]/[(1 = p)(P —v)] —ur. Under the above condition, there

exists ¢3 such that IT5 exceeds I17 if and only if ¢(s.|0 = L)/d(sL|0 = H) > ¢5.
We conclude the proof by defining ¢ := max{¢7, ¢3}.
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